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Using WZ pairs, Apery-style proofs of the irrationality of the q-analogues of theÂ
 .  .Harmonic series and Ln 2 are given. For the q-analogue of Ln 2 , this method
produces an improved irrationality measure. Q 1998 Academic Press
0. INTRODUCTION
Let us define the following q-analogues of the Harmonic series
`  .  . 1rn and Ln 2 , respectively, byns1
` 1
< <h 1 [ for q ) 1 , 0.1 .  . .q kq y 1ks1
n` y1 .
< <Ln 2 [ for q / 0, 1 . 0.2 .  . .q nq y 1ns1
w x  .In 1948, Paul Erdos E1 proved the irrationality of h 1 . Recently,Í 2
w xPeter Borwein used Pade approximation techniques B1 and some com-Â
w x  .plex analysis methods B2 to prove the irrationality of both h 1 andq
 .Ln 2 . Here we present a proof in the spirit of Apery's magnificent proofÂq
 . w xof the irrationality of z 3 A , which was later delightfully accounted by
w xAlf van der Poorten P . This method of proof gives favorable irrationality
 .  .  .measure s 4.80 for Ln 2 compared to the irrationality measure s 54.0q
w ximplied in B1, B2 . Further discussion of irrationality results for certain
w xseries is to be found in Erdos E2 .Í
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w xWe will assume familiarity with Ref. Z . In particular,
q . nn
[ , where q [ 1 and . 0 /k q qq  .  .k nyk
q [ 1 y q ??? 1 y q n , for n G 1. .  .  .n
N and K are forward shift operators on n and k, respectively.
D [ N y 1, D [ K y 1.n k
  .  ..A pair F n, k , G n, k of discrete functions is called a q-WZ pair if:
1. NFrF, KFrF, NGrG, and KGrG are all rational functions of q n
and q k, and
2. D F s D G.n k
 .  .  .Given such a pair F, G , then v s F n, k d k q G n, k d n is called a
q-WZ 1-form.
1. A SCHEME FOR PROVING THE IRRATIONALITY OF
 .THE q-HARMONIC SERIES h 1q
The claims made in Subsections 1.1]1.5 below were found using the
w xMaple Package qEKHAD accompanying PWZ . The relevant script sub-
stantiating our claims can be found in this paper's Web Pages.
1.1. The q-WZ 1-form v is:
y1 q nq1
v s d k q d n .nq1 5n q k q 1 q y 1 .q . nq1 /k q
 .1.2. The choice of the potential c n, k is:
n m kq 1 1
c n , k s q . .  m m1 y q q q y 1 n q m .  .  .mms1 ms1 q . n /m q
 .1.3. The choice of the mollifier b n, k is:
k n q k nkkq1.r2b n , k s y1 q . .  .  /  /k kq q
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1.4. We define two sequences:
n n
a n s c n , k b n , k and b n s b n , k . .  .  .  .  . 
ks0 ks0
 . 2  .  .  .1.5. Introduce L s y n N q y n N q y n and B n, k s2 1 0
1 .  .P n, k b n q 1, k , whereq
kk 2 nq3  /y1 q q 2 . n q 1 2A n , k s c n , k B n , k q P n , k .  .  .  .qnq1  /k qq y 1 q  . nq2
and
P1 n , k s yqa 2 by1 q2a q 2 q .  .q n k n
q qa 2 q2a 3 q 2 q q q 1 a 2 q 3qa y q q 1 .  .n n n n
y a q 2 b . .n k
P 2 n , k s q2a 2 q qa y 2 .q n n
q b q2a 5 q q 2 q q 1 a 4 y 2a 3 y a 3 b .k n n n n k
y 2 y qy1 a 2 b y 3q q 5 a 2 q 2 qy1a b . . n k n n k
q q y 1 q 2 qy1 a q 1 q 3qy1 , .  . .n
y n s q a y 1 qa q 2 , y n s qa y 1 a q 2 , .  .  .  .  .  .0 n n 2 n n
a s q nq1 , b sq kq1n k
and
y n s q3a 5 q 2 q2 q q 1 a 4 q q2a 3 y 4q q q 1 a 2 .  .  .1 n n n n
q q2 y 4q q 1 a q 2 q q 1 . . . n
then
L b n , k s B n , k y B n , k y 1 and .  .  . .
L b n , k c n , k s A n , k y A n , k y 1 . ) .  .  .  .  . .
 .  .  .Now, summing over k in ) shows that both sequences a n and b n
 .are solutions of Lu n s 0.
 .  .1.6. Set b s b n and a s a n . Now, since b ) b and Lb s 0,n n nq1 n n
 .  .  .that is, y n b q y n b q y n b s 0, then asymptotically we2 nq2 1 nq1 0 n
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have that
b y n .nq2 1 3nq3s O s O q . . /b y n .nq1 2
Hence,
b s O q3n2 r2 . 1.6.1 . .n
On the other hand, La s 0 and Lb s 0 lead to the system of recurrencen n
relations,
y n a q y n a q y n a s 0, .  .  .2 nq2 1 nq1 0 n
y n b q y n b q y n b s 0. 1.6.2 .  .  .  .2 nq2 1 nq1 0 n
 .Multiplying out the first and the second equations in 1.6.2 , respectively,
by b and a and then subtracting, we obtainnq2 nq2
y n a b y b a s y n a b y b a . .  .  .  .1 nq1 nq2 nq1 nq2 0 nq2 n nq2 n
Rewriting this in the form
a a y n b a a .nq1 nq2 0 n nq2 ny s y /b b y n b b b .nq1 nq2 1 nq1 nq2 n
leads to the estimate
a a y n b a a .nq1 nq2 0 n nq2 nq1y F y /b b y n b b b .nq1 nq2 1 nq1 nq2 nq1
y n b a a .0 n nq1 nq y , /y n b b b .1 nq1 nq1 n
which in turn yields
a anq1 n y2y s O b . 1.6.3 . .nb bnq1 n
Therefore,
an y2h 1 y s O b . 1.6.4 .  . .q nbn
In particular, the sequence of rational numbers a rb convergesn n
 .moderately quickly to h 1 .q
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1.7. For a given prime p, let ord k denote the exponent of p in thep
prime expansion of k. Then we observe that
nord F ord q y ord q . 1.7.1 .  .  .n mp p p /m q
Note.
n q k n q kk n q ms . 1.7.2 . /  / /  /m mk k y mq qq q
LEMMA 1. The sequences
n
su s a q 1 y q and .  .nq1n n
w xss nr2
n
sz s b q 1 y q .  .nq1n n
w xss nr2
are polynomials in q with integer coefficients, and moreo¨er
z s O q19 n2 r8 . 1.7.3 . .n
 .  .Proof. Applying 1.7.1 and 1.7.2 , we can estimate the denominator of
u as:n
n q mmq y 1 q .  . n  /m q
ord p n q k 0 /k q
kmq y 1 q .  . n  /m qF ord p n q k 0 /k y m q
F ord q q ord q m y 1 q ord q y ord q .  .  .  .n k mp p p p
n
sF ord q q ord 1 y q q ord q y ord q .  .  .  .n k mp p p p
w xss nr2
n
sF ord q 1 y q , .  .np  /w xss nr2
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 .since m F k F n. This proves the claim on u . And 1.7.3 follows fromn
 .1.6.1 . The rest is trivial.
 .  1qd .LEMMA 2. h 1 y u rz s O 1rz ; where d s 0.26316 . . . ) 0.q n n n
  .  .Proof. From 1.6.1, 1.6.4 , and 1.7.3 , we gather that
u 2n y2 y3n y1y5r19.h 1 y s O b s O q s O z . .  .  . .q n nzn
Thus, we have proved:
< <  .THEOREM 1. If q ) 1 is an integer, h 1 is irrational with irrationalityq
measure 4.80.
w x.Remark 1. By invoking Theorem 7 Z, p. 596 with v as in 1.1, we
obtain the series acceleration:
` n ` n 2 nq 1yq yq
h 1 s and h 1 s . .  . q qn1yq q 2nn .  . nns1 ns1 q y1 q .  . n /n q
2. A SCHEME FOR PROVING THE IRRATIONALITY
 .OF Ln 2q
The claims made in Subsections 2.1]2.5 below were found using the
w xMaple Package qEKHAD accompanying PWZ . The relevant script sub-
stantiating our claims can be found in this paper's web pages.
2.1. The q-WZ 1-form v is:
k nq1y1 q q .  . n
v s d k q d n .kq1 nq1 5n q k q 11 y q 1 q q .  .2q . n /k q 1 q
 .2.2. The choice of the potential c n, k is:
my 1mn kq q y1 q .  .  .m n
c n , k s q . .   mm 2 1 y q1 y q q n q m 2 . .  .mms1 ms1 q . n /m q
 .2.3. The choice of the mollifier b n, k is:
n q k nkkq1.r2b n , k s q . .  /  /k kq q
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2.4. We define two sequences:
n n
a n s c n , k b n , k and b n s b n , k . .  .  .  .  . 
ks0 ks0
 . 2  .  .  .2.5. Introduce L s y n N q y n N q y n and B n, k s2 1 0
1 .  .P n, k b n q 1, k , whereq
A n , k s c n , k B n , k .  .  .
kk 2 nq3  /y1 q q q2 .  . nq1n q 1 2q P n , k .qnq1 2 /k1 y q qq  . nq1
and
1 2 3 5 2 4 2 3P n , k s qa q a q q 1 q q a q 2 q 1 q q a .  .  .q n n n n
2y 1 y q q q a y 3 1 q q . . n
2 y1 2 3 2q qa q b q a q q 1 q q a q 2 y q a y 2 .  . .n k n n n
3 2q qa q q y 1 a q 2 q y 1 a a y 2 .  . .n n n k
P 2 n , k s q2a 3 q q 1 q q a 2 q 2 q q a q 2 .  .  .q n n n
2 3 y1 2 y1ya a a q 1 y q a q 2 y q a y 2 q . .n k n n n
2 6 5 2 4ya q a q q 1 q q a q 2 q q q 2 q a .  .k n n n
3 2 y1 y1q 1 q q a q 2a y 2 q q q q a q q y 1 , .  .  .n n n
y n s yq a y 1 a q 1 q2a 2 q qa q 2 , .  .  .  .0 n n n n
y n s y qa y 1 qa q 1 a 2 q a q 2 , .  .  .  .2 n n n n
y n s q4a 7 q q2 1 q q qa 6 q a 4 .  .  .1 n n n
qq 1 q q q q2 2 qa 5 q a 3 y 1 q 3q q 3q2 q q3 a 2 .  . .n n n
y 1 q q2 2 q a , . . n
and
a s q nq1 , b s q kq1.n k
Then
L b n , k s B n , k y B n , k y 1 and .  .  . .
L b n , k c n , k s A n , k y A n , k y 1 . )) .  .  .  .  . .
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 .  .  .Now, summing over k in )) shows that both sequences a n and b n
 .are solutions of Lu n s 0.
 .2.6. Arguments and estimates similar to those in 1.6 above lead to
an y2Ln 2 y s O b . 2.6.1 .  . .q nbn
In particular, the sequence of rational numbers a rb convergesn n
 .moderately quickly to Ln 2 .q
2.7.
LEMMA 3. The sequences
n n
t s¨ s a 1 q q 1 y q and . . n n
ts1 w xss nr2
n n
t sw s b 1 q q 1 y q . . n n
ts1 w xss nr2
are polynomials in q with integer coefficients, and moreo¨er
w s O q19 n2 r8 . 2.7.1 . .n
 .  .Proof. Applying 1.7.1 and 1.7.2 , we have estimates for the denomi-
nator of ¨ :n
n q mm 21 y q q .  . n  /m q
ord p n q k 0q . n /k q
km 2q y 1 q .  . n  /m qF ord p n q k 0q . n /k y m q
q2 . n mF ord q ord q y 1 q ord q y ord q .  .  .k mp p p p /q . n
2 nq . n sF ord q ord 1 y q q ord q y ord q .  .  . k mp p p p /q . w xn ss nr2
n n
t sF ord 1 q q 1 y q , . . p  /ts1 w xss nr2
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 .since m F k F n. This proves the claim on ¨ . And 2.7.1 follows fromn
 .1.6.1 . The rest is trivial.
 .  1qd .LEMMA 4. Ln 2 y ¨ rw s O 1rw , where d s 0.26316 . . . ) 0.q n n n
 .  .  .Proof. Combining 1.6.1 , 2.6.1 , and 2.7.1 , we find that
¨ 2n y2 y3n y1y5r19.Ln 2 y s O b s O q s O w . .  .  . .q n nwn
Thus, we have proved:
< <  .THEOREM 2. If q / 0, 1 is an integer, Ln 2 is irrational with irra-q
tionality measure 4.80.
w x.Remark 2. We invoke Theorem 7 Z, p. 596 with v as in 2.1, to get
the accelerated series:
` nq q . n
Ln 2 s and . q n 21 y q q .  . nns1
ny1 3n` y1 q 1 y q .  .  .n
Ln 2 s . . q 2 2nn 2ns1 1 y q q .  . n /n q
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